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The linear marginal instability of an axisymmetric MHD
Taylor-Couette flow of infinite vertical extension is consid-
ered. Only those vertical wave numbers are interesting for
which the eigenvalue the (‘characteristic’) Reynolds number
is minimal. For flows with a resting outer cylinder there is
a well-known characteristic Reynolds number even without
magnetic field but for certain (weak) magnetic fields there
are solutions with smaller Reynolds numbers so that a char-
acteristic minimum exists. We call those Reynolds numbers,
the related wave number and the related Hartmann number
as their critical values. The minimum only exists, however,
for not too small magnetic Prandtl numbers (see Figs. 2 and
3 for a typical example). For small magnetic Prandtl num-
bers – or sufficiently small gaps – one only finds the typical
magnetic-originated suppression of any instability.
More interesting are experiments where the outer cylinder
rotates so fast that the Rayleigh criterion for hydrodynamic
stability is fulfilled. We find that for given geometry and given
magnetic Prandtl number now always a magnetic field ampli-
tude exists where the characteristic Reynolds number is min-
imal. These critical values are computed for different mag-
netic Prandtl numbers and for three types of geometry (small,
medium and wide gaps between the rotating cylinders). In all
cases the Reynolds numbers are running with 1/Pm for small
enough Pm, and the critical Reynolds numbers exceed values
of 106 for the magnetic Prandtl number of sodium (10−5) or
gallium (10−6).
The container walls are considered as either electrically con-
ducting or as isolators. Compared with the results for con-
ducting walls, for small and medium size gaps between the
cylinders i) the critical Reynolds number is smaller, ii) the
critical Hartmann number is higher and iii) the Taylor vor-
tices are longer in the vertical direction for isolating walls.
For experiments with wide gaps the differences between both
sets of boundary conditions become smaller and smaller.
I. INTRODUCTION
The longstanding problem of the generation of tur-
bulence in various hydrodynamically stable situations
has found a solution in recent years with the so called
‘Balbus-Hawley instability’, in which the presence of a
magnetic field has a destabilizing effect on a differen-
tially rotating flow, provided that the angular velocity
decreases outwards with the radius, [3]. This instability
has been discovered decades ago [1], [2] for ideal Couette
flow, but only after Balbus and Hawley it was recog-
nized the importance of this magnetorotational instabil-
ity (MRI) as the source of turbulence in the accretion
discs with differential (Keplerian) rotation.
However, the MRI has never been observed in the lab-
oratory ( [4], [5], [6], [7]). Moreover, Chandrasekhar [2]
already suggested the existence of MRI for ideal Taylor-
Couette flow, but his results for non-ideal fluids for small
gaps and within the small magnetic Prandtl number ap-
proximation demonstrated the absence of MRI for hy-
drodynamically stable flow. Recently, Goodman and Ji
[9] claimed that this absence of MRI was due to the use
of the small magnetic Prandtl number limit. The mag-
netic Prandtl number is really very small under labora-
tory conditions (∼ 10−5 and smaller). Obviously, the
understanding of this phenomenon is very important for
possible future experiments, Taylor-Couette flow dynamo
experiments included.
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FIG. 1. Cylinder geometry of the Taylor-Couette flow.
Here, the dependence of real Couette flow on magnetic
Prandtl number and gap-width between rotating cylin-
ders is investigated. The simple model of uniform den-
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sity fluid contained between two vertically-infinite rotat-
ing cylinders is used with constant magnetic field paral-
lel to the rotation axis. The unperturbed state is any
stationary circular flows of an incompressible fluid. In
the absence of viscosity, the class of such flows is very
wide: indeed, if Ω denotes the angular velocity of rota-
tion about the axis, then the equations of motion allow
Ω to be an arbitrary function of the distance R from the
axis, provided the velocities in the radial and the axial
directions are zero. For viscous flows, however, the class
becomes very restricted: in fact, in the absence of any
transverse pressure gradient, the most general form of Ω
allowed is
Ω(r) = a + b/R2 , (1.1)
where a and b are two constants related to the angular
velocities Ωin and Ωout with which the inner and the outer
cylinders are rotating. If Rin and Rout (Rout > Rin) are
the radii of the two cylinders then
a = Ωin
µˆ− ηˆ2
1 − ηˆ2 and b = ΩinR
2
in
(1 − µˆ)
1 − ηˆ2 , (1.2)
with
µˆ = Ωout/Ωin and ηˆ = Rin/Rout. (1.3)
After the Rayleigh stability criterion, d(R2Ω)2/dR > 0,
rotation laws are hydrodynamically stable for µˆ > ηˆ2.
Taylor-Couette flows with resting outer cylinders (µˆ = 0)
are thus never stable.
Here, in order to isolate the MRI we are mainly inter-
ested in flows with rotating outer cylinders so that the
hydrodynamic-stability criterion µˆ > ηˆ2 is fulfilled. Our
standard example is formed with ηˆ=0.5 and µˆ = 0.33.
II. BASIC EQUATIONS
R, φ, and z are the cylindrical coordinates. A viscous
electrically-conducting incompressible fluid between two
rotating infinite cylinders in the presence of a uniform
magnetic field parallel to the rotation axis leads to the
basic solution UR = Uz = BR = Bφ = 0
Bz = B0 = const. Uφ = aR+ b/R, (2.1)
with Ui as the velocity and Bi the magnetic field, a and
b are given by (1.2). We are interested in the stability
of this solution. The perturbed state of the flow may be
described by
uR, Uφ + uφ, uz, bR, bφ, B0 + bz, δP, (2.2)
with δP as the pressure perturbation.
Here only the linear stability problem with axisymmet-
ric perturbations is considered. By analyzing the distur-
bances into normal modes the solutions of the linearized
magnetohydrodynamical equations are of the form
uR = uR(R)e
ωt cos(kz), bR = bR(R)e
ωt sin(kz),
uφ = uφ(R)e
ωt cos(kz), bφ = bφ(R)e
ωt sin(kz),
uz = uz(R)e
ωt sin(kz), bz = bz(R)e
ωt cos(kz). (2.3)
Stationary modes are always more critical than oscilla-
tory ones, according to the results in [2] and [15]. So,
only marginal stability will be considered (ω = 0). The
derivation of the equations describing this situation is due
to Chandrasekhar [2]; it should not to be repeated here.
We only differ in the normalizations. Let d = Rout−Rin
be the gap between the cylinders. We use
H = (Rind)
1/2 (2.4)
as unit of length, the Alfve´n velocity VA = B0/(µ0ρ)
1/2
as unit of perturbed velocity and B0 · Pm1/2 as unit of
perturbed magnetic field with the magnetic Prandtl num-
ber
Pm =
ν
η
, (2.5)
ν is the kinematic viscosity, η is the magnetic diffusivity.
Note H−1 as the unit of wave numbers.
Using the same symbols for normalized quantities as
before the equations take the form
(DD∗ − k2)2uR + k2Ha2uR − 2k2Re
Ω
Ωin
uφ = 0,
(DD∗ − k2)uφ + kHabφ − Re
1
R
d
dR
(
R2
Ω
Ωin
)
uR = 0,
(DD∗ − k2)bR − kHauR = 0,
(DD∗ − k2)bφ − kHauφ +RePmR
d
dR
(
Ω
Ωin
)
bR = 0
(2.6)
with
Ha =
BH
√
µ0ρνη
Re =
ΩinH
2
ν
, (2.7)
where Ha is the Hartmann number, Re is the Reynolds
number of the inner rotation, ρ is the density, µ0 is
the magnetic constant. Chandrasekhar’s notations D =
d/dR and D∗ = d/dR+ 1/R are also used.
III. BOUNDARY CONDITIONS
An appropriate set of ten boundary conditions is
needed to solve the system (2.6). The situation is more
difficult than in the small-gap-small-Prandtl-number case
where only eight boundary conditions are needed. Al-
ways no-slip conditions for the velocity on the walls are
used, i.e.
uR = 0, uφ = 0,
duR
dR
= 0. (3.1)
2
(see [2]). The magnetic boundary conditions depend on
the electrical properties of the walls. The transverse
currents and perpendicular component of magnetic field
should vanish on conducting walls, hence
dbφ
dR
+
bφ
R
= 0, bR = 0. (3.2)
The above boundary conditions (3.1) and (3.2) are valid
for R = Rin and for R = Rout.
The situation changes for isolating walls. The mag-
netic field must match the external magnetic field for
nonconducting walls. The boundary conditions are dif-
ferent at R = Rin and R = Rout due to the different
behaviour of the modified Bessel functions for R → 0
and R→∞, i.e.
bφ = 0,
∂
∂R
(RbR) = bR
kRI0(kR)
I1(kR)
for R = Rin, (3.3)
and
bφ = 0,
∂
∂R
(RbR) = −bR
kRK0(kR)
K1(kR)
for R = Rout,
(3.4)
where In and Kn are the modified Bessel functions (cf.
[9]).
For a fixed Hartmann number, a fixed Prandtl number
and a given vertical wave number we find the eigenval-
ues of the equation system. They are always minimal
for a certain wave number which by itself defines the
marginally unstable mode. The corresponding eigenvalue
is the desired Reynolds number.
IV. RESULTS FOR CONDUCTING WALLS
We start with the results for containers with conduct-
ing walls and resting outer cylinders but with various
gap sizes (medium, wide and small). In all these cases
there are linear instabilities even without magnetic fields.
The influence of the magnetic field is the question. If
the resulting eigenvalue with magnetic field exceeds the
eigenvalue without magnetic field then we have only the
well-known effect of magnetic stabilization rather than
magnetic destabilization. As we shall see, this is indeed
the case for sufficiently small magnetic Prandtl numbers
and/or for containers with a a small gap between the
cylinders.
A. Resting outer cylinder
In Fig. 2 a resting outer cylinder is considered (µˆ=0)
for a medium-size gap of ηˆ=0.5 and for Pm=1. As we
know for vanishing magnetic field and for ηˆ=0.5 the ex-
act Reynolds number for this case is about 68 – well
represented by the result for Ha=0 in Fig. 2. But for in-
creasing magnetic field the Reynolds number is reduced
so that figure the excitation of the Taylor vortices be-
comes easier than without magnetic field. The minimum
Reynolds number Recrit of about 63 for Pm=1 is reached
for Hacrit ≃ 4...5. This magnetic induced subcritical ex-
citation of Taylor vortices is due to the MRI. Always for
a (say) critical Hartmann number the Reynolds numbers
take a minimum which we shall call the critical Reynolds
number. For even stronger magnetic fields – as it must
be – the magnetic field starts to suppress the instability
so that the Reynolds number starts to grow to infinity.
FIG. 2. The stability line for Taylor-Couette flow with rest-
ing outer cylinder for ηˆ = 0.5 and Pm= 1. The flow is unsta-
ble above the line. There is instability even without magnetic
fields but its excitation is easier with magnetic fields with Ha
≃ 4.5. The line is marked with those wave numbers for which
the eigenvalues are minimal.
In Fig. 3 the same container is considered but for the
small magnetic Prandtl number of 10−5. The minimum
characteristic for Pm=1 completely disappears, only sup-
pression of the instability by the magnetic field can be
observed.
FIG. 3. The same as in Fig. 2 but for Pm=10−5. The
minimum characteristic for Pm=1 completely disappears.
A container with a small gap (ηˆ = 0.95) between the
two cylinders is now under consideration (Figs. 4 and
5). Only magnetic suppression of the Taylor-Couette
flow instability is observed in this case. This is the rea-
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son why Chandrasekhar did not find the MRI by his
detailed numerical simulations for small gaps and very
small magnetic Prandtl numbers. Fig. 5 are represent-
ing the small-gap-small-Prandtl approximation used by
Chandrasekhar [2]. In order to find a minimum due to
the MRI the magnetic Prandtl number must exceed 1,
e.g. for Pm= 10. The smaller the gap, the larger the Pm
must be.
FIG. 4. The stability line for the flow in a small gap
(ηˆ=0.95) with resting outer cylinder and for Pm= 1. Note
the disappearance of any minimum of the Reynolds number.
FIG. 5. The same as in Fig. 4 but for Pm=10−5.
In Fig. 6 the results for a container with a wide gap be-
tween the cylinders are given. Again we find the magnetic
field only suppressing the instability for small magnetic
Prandtl number. Obviously, the MRI does not work ef-
ficiently in the limit of small magnetic Prandtl numbers,
i.e. for too low electrical conductivity Thus, if the electri-
cal conductivity is so small as it is for sodium or gallium
then the MRI cannot be observed by corresponding ex-
periments with hydrodynamically unstable flows.
FIG. 6. The stability line for the flow in a wide gap
(ηˆ = 0.25) with resting outer cylinder (µˆ = 0) for Pm=1
and Pm= 10−5.
B. Rotating outer cylinder
Another situation holds if the outer cylinder may ro-
tate so fast that the rotation law does not longer fulfill
the Rayleigh criterion and a solution for Ha=0 cannot
exist. Then the nonmagnetic eigenvalue along the verti-
cal axis moves to infinity and we should always have a
minimum. It is the basic situation in astrophysical ap-
plications such for accretion disks with a Kepler rotation
law. Here in this paper the question is whether the criti-
cal Reynolds number and the critical Hartmann number
can experimentally be realized. The Figs. 7...9 present
the results for both various Hartmann numbers and mag-
netic Prandtl numbers for a medium-sized gap of ηˆ=0.5.
FIG. 7. The stability line for ηˆ = 0.5 and Pm=1. The
outer cylinder rotates with 33% of the rotation rate of the
inner cylinder so that after the Rayleigh criterion the hy-
drodynamic instability for Ha=0 disappears. The minimal
Reynolds number is almost the same as in Fig. 2.
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FIG. 8. The same as in Fig. 7 but for Pm= 10−2.
FIG. 9. The same as in Fig. 7 but for Pm=10−5.
There are always minima of the characteristic Reynolds
numbers for certain Hartmann numbers. The minima
and the critical Hartmann numbers increase for decreas-
ing magnetic Prandtl numbers. For ηˆ=0.5 and µˆ=0.33
the critical Reynolds numbers together with the critical
Hartmann numbers are plotted in Fig. 10.
For the small magnetic Prandtl numbers we find inter-
esting and simple relations. With
CΩ = RePm (4.1)
and
Ha∗ = Ha
√
Pm (4.2)
it follows
CΩ ≃ 20 (4.3)
and
Ha∗ ≃ 3.5. (4.4)
CΩ is the magnetic Reynolds number, CΩ = ΩinH
2/η
(or dynamo number) and Ha∗ is the magnetic Hartmann
number Ha∗ = BH/η
√
µ0ρ.
FIG. 10. The main results for ηˆ = 0.5 and µˆ = 0.33:
The critical Reynolds numbers for given magnetic Prandtl
numbers marked with those Hartmann numbers where the
Reynolds number is minimal.
1. Wide gap
Let us now vary the size of the gap. In view of the ex-
perimental possibilities, we shall only work for conduct-
ing fluids with the magnetic Prandtl number of sodium,
i.e. 10−5. In the present Section cylinders with a gap
with ηˆ = 0.25 are discussed. The outer cylinder is ei-
ther resting (Fig. 6) or it is rotating with a frequency
fulfilling the Rayleigh criterion for stability (Fig. 11). In
the first case, of course, there is a solution without mag-
netic field, i.e. for Ha = 0. The corresponding Reynolds
number is 79. Note again that a minimum appears for
Pm=1 which, however, does not survive the decrease of
the magnetic Prandtl number to realistic small values.
The minimum always exists, however, for experiments
with a rotating outer cylinder, e.g. for µˆ = 0.1 (Fig. 11).
The resulting critical Reynolds number is 1.15 · 106 and
the critical Hartmann number is about 500. Let us turn
to first estimates. With ν = 10−2 cm2/s the frequency f
of the inner cylinder is
f =
1.6 · 10−5Re
ηˆ(1 − ηˆ)
(
10 cm
Rout
)2
Hz, (4.5)
so that here
f =
98
(Rout/10 cm)
2
Hz, (4.6)
corresponding to the frequency of about 16 Hz for a con-
tainer with an outer radius of 25 cm.1
For the Hartmann number with the density for liquid
sodium (ρ ≃ 1 g/cm3) one finds
Ha = 282
(
B
Gauss
)(
Rout
10 cm
)√
ηˆ(1− ηˆ)Pm, (4.7)
1very close to the parameters of the experiments in [11]
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hence for ηˆ = 0.25 and Pm=10−5,
Ha = 0.39
(
B
Gauss
)(
Rout
10 cm
)
(4.8)
results. For a container of (say) 25 cm a field of 500
Gauss yields thus a Hartmann number of 500. Note that
this result has only a weak dependence on ηˆ. It is thus
not a problem to reach Hartmann numbers of order 104
with the standard laboratory equipment.
We have to realize that Fig. 6 only displays suppression
of the instability by the magnetic field for Pm=10−5.
There is no minimum of the Reynolds number due to the
MRI instability. This effect is a consequence of the low
magnetic Prandtl number. As it must, the instability
disappears for Ha = 0 and ηˆ = 0.25 if µˆ = 0.1 (Fig.
11). But here we find the instability again for a finite
Hartmann number. For Ha ≈ 500 an instability occurs
for a Reynolds number of about 106. An experiment with
a (say) Reynolds number of 1.5 · 106 and an increasing
magnetic field should yield the MRI instability between
two known very sharp limits2. The rotation frequency
of the inner cylinder must fulfill the above relation (4.6),
i.e. a container with an outer radius of 31 cm must rotate
with a frequency of 10 Hz (see [11]).
FIG. 11. Wide gap (ηˆ = 0.25): The same as in Fig. 6
(Pm= 10−5) but for a rotating outer cylinder with µˆ = 0.1.
2. Small gap
For small gaps and resting outer cylinder there is no
minimum due to MRI for magnetic Prandtl numbers
equal or smaller than 1 (see Figs. 4 and 5) but it ex-
ists for e.g. Pm=10 (not shown). If the outer cylinder
starts to rotate then the hydrodynamic instability goes
to infinity and a minimum again appears due to the MRI
(Fig. 12). However, the Reynolds numbers are much too
high for a technical realization (inner rotation frequency
2....if not a nonlinear hydrodynamic instability exists for the
given (high) Reynolds number [12]
is of order 103 Hz). Obviously, MHD Taylor-Couette
flows with too small gaps between the cylinders are not
suitable for experimental work.
FIG. 12. Small gap (ηˆ = 0.95): The same as in Fig. 5 but
for a rotating outer cylinder with µˆ = 0.95. Pm =10−5, the
critical Reynolds number is extremely high.
V. RESULTS FOR ISOLATING WALLS
Containers with isolating walls must be considered.
The (complicated) boundary conditions are then given
by the relations (3.3) and (3.4). Surprisingly, the basic
differences can already be demonstrated by the simplest
model given in Fig. 13 for resting outer cylinder and
Pm=1 (see Fig. 2 for comparison). Of course, the pro-
files start for Ha=0 with the same Reynolds number. The
minimum, however, is deeper than in Fig. 2 and the cor-
responding Hartmann number is higher. Note that the
vertical wavelength in the minimum is larger than in con-
tainers with conducting walls.
FIG. 13. The same as in Fig. 2 but for isolating walls.
We shall check these findings in the following under re-
striction to a small magnetic Prandtl number (10−5) and
for rotating outer cylinders for small (Fig. 14), medium
(Fig. 15) and wide (Fig. 16) gaps. The results must
be compared with the results given in Figs. 9, 11 and
12 valid for conducting walls. For small and for medium
gaps one finds indeed that i) the minimal Reynolds num-
bers are smaller, ii) the corresponding Hartmann number
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is higher and iii) vertical wave number is smaller (i.e. the
cells of Taylor vortices are vertically more elongated) for
the container with isolating walls. For wide gaps the crit-
ical Reynolds number is slightly higher for the container
with nonconducting walls now but the vertical size of the
cell is the same.
FIG. 14. Small gap (ηˆ = 0.95): The same as in Fig. 12
but for the rotating outer cylinder (µˆ = 0.95) embedded in
vacuum. Pm=10−5.
FIG. 15. Medium-size gap (ηˆ = 0.5): The same as in Fig.
9 but for the rotating outer cylinder (µˆ = 0.33) embedded in
vacuum. Pm= 10−5.
FIG. 16. Wide gap (ηˆ = 0.25): The same as in Fig. 11
but for the rotating outer cylinder (µˆ = 0.1) embedded in
vacuum. Pm=10−5.
VI. VERTICAL CELL STRUCTURE
The unstable Taylor-Couette flow forms Taylor vor-
tices. With our normalizations the vertical extend δz of
a Taylor vortex is given by
δz
Rout − Rin
=
pi
k
√
ηˆ
1− ηˆ . (6.1)
The dimensionless vertical wavenumber k is given in all
the above figures.
In the case of hydrodynamically unstable flows we have
δz ≃ Rout − Rin for small magnetic field (Ha≃ 0) inde-
pendently on gap size and boundary conditions (see Figs.
2, 4, 6, 13). The cell has the same vertical extend as it
has in radius (see [10]).
As all our figures demonstrate the influence of strong
magnetic fields on turbulence consists on suppression and
deformation. The deformation consists on a prolongation
of the cell structure in vertical direction ( [13]) so that δz
is expected to become larger and larger (the wave num-
ber becomes smaller and smaller) for increasing magnetic
field. It is indeed true for Pm∼1, but for smaller Pm the
vertical cell size has a minimum for an intermediate value
of the magnetic field (see Figs. 3, 5, 6).
The cell size is minimal for the critical Reynolds num-
ber for all calculated examples for hydrodynamically sta-
ble flow and conducting boundary (see e.g. Figs. 7,
11 and 12). This is not true, however, for containers
with isolating walls for which the cell size grows with in-
creasing magnetic field. For experiments with the critical
Reynolds numbers the vertical cell size is generally 2...3
times larger than the radial one. The dependence of the
vertical cell size on the magnetic Prandtl number is illus-
trated by the Fig. 17. The smaller the magnetic Prandtl
number the bigger are the cells in vertical direction.
The influence of boundary conditions on the cell size
disappears for wide gaps between the cylinders. For the
small and medium gap, however, one finds the cells ver-
tically more elongated for containers with isolating walls.
FIG. 17. The same as in Fig. 10 but for the vertical wave
number
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VII. DISCUSSION
We have shown how the MRI works in Taylor-Couette
flow experiments for fluids with high and low electrical
conductivity and for conducting walls as well as for iso-
lating ones. For given microscopic viscosity the electrical
conductivity determines the magnetic Prandtl number
which in the present paper is varied between 1 and 10−5.
For Pm=1 and large enough gap between the cylinders
the MRI is realized by a clear minimum of the Reynolds
number for certain (critical) magnetic fields with Hart-
mann numbers of order 10. The existence of the mini-
mum does not strongly depend on the rotation rate of
the outer cylinder – provided it rotates slower than the
inner cylinder (Figs. 2, 7 and also 13).
There are drastic differences, however, for small mag-
netic Prandtl numbers or small gap between the cylin-
ders. The minima completely disappear for resting outer
cylinders (see Figs. 3, 4 and 5). But they survive for
rotating outer cylinder (see Figs. 7....9 and also 15).
The coordinates of the minima strongly depend on the
magnetic Prandtl number Pm. The critical Reynolds
number scales as 1/Pm with the magnetic Prandtl num-
ber and the critical Hartmann number scales as 1/
√
Pm
for small Pm (see Fig. 10). We find the surprising re-
sult therefore that for sufficiently small magnetic Prandtl
number both the magnetic Reynolds number CΩ and the
magnetic Hartmann number Ha∗ (defined after (4.1) and
(4.2)) depend only weakly on the magnetic Prandtl num-
ber.
Generally, the presented results tend to reduced critical
Reynolds numbers for isolating rather than conducting
walls. The power-law exponent (-1) which here results
for an infinite cylinder is stronger than the value (-0.65)
which has been found for a finite cylinder with pseudo-
vacuum boundary conditions and a aspect ratio of 10 (cf.
[14]).
¿From Eq. (4.5) with ν = 10−2 cm2/s, ηˆ=0.5 and
Re≃ 1.8 · 106 (see Fig. 10) for Pm= 10−5 follows
f =
115
(Rout/10 cm)
2
Hz (7.1)
for the frequency of the inner cylinder. Hence, a con-
tainer with an outer radius of 30 cm and an inner radius
of 15 cm requires a rotation of about 10 Hz in order to ex-
hibit the MRI for liquid sodium with its magnetic Prandtl
number of 10−5. After (4.4) the required magnetic field
is about 900 Gauss.
The MRI is considered here only for axisymmetric dis-
turbances. According to small gap small Pm results [16],
the non-axisymmetric disturbances can be more unsta-
ble for small magnetic field. We are going to consider
the influence of non-axisymmetric disturbances on MRI
in a forthcoming paper.
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